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Powered Swingby
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National Institute for Space Research, Sdo José dos Campos, SP-12227-010, Brazil

The problem of applying an impulsive thrust in a spacecraft that is performing a swingby maneuver (also called
gravity-assisted maneuver) is studied. The objective is to derive a set of analytical equations that can calculate the
change in velocity, energy, and angular momentum for this maneuver as a function of the three usual parameters
of the standard swingby maneuver plus the two parameters (the magnitude of the impulse and the angle between
the impulse and the velocity of the spacecraft) that specify the planar impulse applied. The dynamics used to
obtain those equations are given by the patched-conic approach. A study is also performed to find in which cases
the impulse is more efficient when applied during that close approach or after that, in a two-step maneuver. After
that, the same maneuvers are computed under the dynamics given by the restricted three-body problem, and the
results are compared with the ones obtained previously under the patched-conic dynamics.

Introduction

HE swingby maneuver is a very popular technique used to

decrease the fuel expenditure in space missions. The standard
maneuver uses a close approach with a celestial body to modify the
velocity, energy, and angular momentum of the spacecraft. There
are many important applications, such as Voyager I and II, that used
successive close encounters with the giant planets to make a long
journey to the outer solar system!; the Ulysses mission that used a
close approach with Jupiter to change its orbital plane to observe
the poles of the sun?; etc.

In this paper, a different type of swingby maneuver is studied,
where we apply an impulse to the spacecraft during its closest ap-
proach with the celestial body. This type of maneuver increases the
alternatives available to mission designers for meeting the require-
ments of many missions. This type of swingby has been studied
before by several researchers. Two excellent papers available in the
literature are the ones written by Gobetz> and Walton et al.* Gobetz?
studied two- and three-dimensional optimum transfers between hy-
perbolic asymptotes with one or four impulses. The four-impulse
maneuver has the advantage of reducing the total AV in some cases
and it also increases the time that the spacecraft remains close to
the celestial body involved in the maneuver. Walton et al.* general-
ized those results and solved the problem of the optimum powered
swingby maneuver between two given hyperbolic excess velocity
vectors around a real celestial body (a planet or a satellite). They
also found multi-impulsive transfers in several cases. In the present
paper, equations are derived to give us the change in velocity, en-
ergy, and angular momentum as a function of the three independent
parameters (required to describe the standard swingby maneuver)
described in the next section and the new two parameters that belong
to this particular model: the magnitude of the impulse applied and
the angle that this impulse makes with the velocity of the spacecraft.
The maximum transfer of energy occurs for impulses applied in a
direction that makes an angle of about 20 deg with the velocity of the
spacecraft. But, since the maximum transfer of energy is not always
the goal of the mission, we give the additional flexibility of allowing
any direction that belongs to the plane of motion of the two primaries
for the impulse. All of those equations are derived assuming that 1)
the maneuver can be modeled by the patched-conic model (a series
of Keplerian orbits), 2) the impulse is applied during the passage by
the periapse, 3) the impulse changes the velocity of the spacecraft
instantaneously, and 4) the motion is planar everywhere.

After that, this powered swingby is compared with a different ma-
neuver, where the impulse is not applied during the close approach,
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but just after the spacecraft leaves the sphere of influence of the
celestial body. In that way, the best position to apply an impulse in
the spacecraft is investigated: during the close approach with the
celestial body or after that, in a two-step maneuver, where the first
step is the swingby and the second step is the impulse.

Those maneuvers are then recalculated, using the more realistic
dynamics given by the restricted three-body problem, and the results
are compared.

Standard Swingby Maneuver

The standard swingby maneuver consists of using a close en-
counter with a celestial body to change the velocity, energy, and
angular momentum of a smaller body (a comet or a spacecraft).
This standard maneuver can be identified by three independent pa-
rameters: 1) Vir_, the magnitude of the velocity of the spacecraft
when approaching the celestial body, or V,,, the magnitude of the
velocity of the spacecraft at periapse (those quantities are equiva-
lent); 2) r,, the distance between the spacecraft and the celestial
body during the closest approach; and 3) , the angle of approach
(angle between the periapse line and the line that connects the two
primaries).

Figure 1 shows the sequence for this maneuver and some of those
and other important variables.

It is assumed that the system has three bodies: a primary (M)
and a secondary (M;) body with finite mass that are in circular
orbit around their common center of mass and a third body with
negligible mass (the spacecraft) that has its motion governed by the
two other bodies. We can see that the spacecraft leaves the point A,
crosses the horizontal axis (the line between M; and M,), passes by
the point P (the periapsis of the trajectory of the spacecraft around
M), and goes to the point B. We choose the points A and B in such
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Fig.1 Standard swingby maneuver.
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a way that we can neglect the influence of M, at those points and,
consequently, we know that the energy is constant after B and before
A (the system follows the two-body celestial mechanics). Two of
our initial conditions are clearly identified in the figure: the perigee
distance r, (distance measured between the point P and the center
of M,) and the angle v, measured from the horizontal axis in the
counterclockwise direction. The distance r, is not to scale, to make
the figure easier to understand. In this paper only the planar motion
(all of the three bodies always in the same plane) is studied. The
result of this maneuver is a change in velocity, energy, and angular
momentum in the Keplerian orbit of the spacecraft around the central
body. Using the patched-conic approximation, the equations that
quantify those changes are available in the literature. Under this
approximation the maneuver is considered as composed of three
parts, where each of those systems is governed by the two-body
celestial mechanics. The first system describes the motion of the
spacecraft around the primary body before the close encounter (the
secondary body is neglected). When the spacecraft comes close to
the secondary body, the primary is neglected, and a second two-
body system is formed by the spacecraft and the secondary body.
After the close encounter, the spacecraft leaves the secondary body,
and it goes to an orbit around the primary body again. Then the
secondary is neglected one more time. One of the best descriptions
of this maneuver and the derivation of the equations is in Broucke.
The equations are as follows:

1
§=sin"t| ——M— 1
sin [1 - (rpViﬁf_/Mz):| M

AE = =2V, Viy_siné sinyr 2)
AC = =2V, Vyy_sindsinyr 3
AV =2V sind 4

Those equations are valid for a system where the angular speed
w of the rotation of the two primaries is unity. Otherwise, Eq. (3)
would be multiplied by w. The presence of this unitary w (whose
unitis s~!) explains the apparent conflict of units in Egs. (2) and (3).

In those equations § is half of the total deflection of the trajectory
of the spacecraft (see Fig. 1), V; is the linear velocity of M, in its
motion around the center of mass of the system M;—M,, w, is the
gravitational parameter of M,, and AV is the increment of velocity
obtained by the swingby. From those equations it is possible to get
the fundamental well-known results:

1) The variation in energy A E is equal to the variation in angular
momentum AC, for a system where w = 1. Otherwise, the correct
expression is AE = wAC.

2) If the flyby is in front of the secondary body, there is a loss of
energy. This loss has a maximum at ¢ = 90 deg.

3) If the flyby is behind the secondary body, there is a gain of
energy. This gain has a maximum at v = 270 deg.

There are many publications studying the standard swingby ma-
neuver in different missions. Some examples are the study of mis-
sions to the satellites of the giant planets,®® new missions for Pluto’
and Neptune,!” the study of the Earth’s environment,!! 16 etc. There
are also studies of the swingby maneuver under the model of the
planar restricted three-body problem, such as Refs. 17-20.

Powered Swingby Maneuver

The description of the powered swingby is the main objective of
this paper. The literature presents some interesting applications of
this maneuver, such as an Earth-Mars mission using a swingby in
Venus.?! For the present research it is assumed that the difference
between this maneuver and the standard one is that it is possible
to apply an impulse to the spacecraft in the moment of the clos-
est approach between the spacecraft and the secondary body. This
impulse is allowed to have any magnitude, and it can have any direc-
tion that belongs to the plane of motion of the three bodies involved.
Figure 2 shows the geometry of this maneuver and defines some of
the variables used.

Second Orbit A
{Before the Impulse Vinf-
- Hypothetical)

First Orbit
(Before the Impulse)

Fig.2 Geometry of the powered swingby.

The variables are 1) Vi,;_, the magnitude of the velocity of the
spacecraft when approaching the celestial body; 2) V,_, the magni-
tude of the velocity of the spacecraft at periapse before the impulse
is applied; 3) V., the magnitude of the velocity of the spacecraft
at periapse after the impulse is applied; 4) §V, the magnitude of
the impulse applied; 5) «, the angle between V,_ and the impulse
applied [this variable defines the direction of the impulse; the range
for o is —180 < & < 180 deg (positive values are measured in the
clockwise direction)]; 6) A, the angle between V,_and V,,.; 7) 7,
the distance between the spacecraft and the celestial body during
the closest approach, when the spacecraft is in its first orbit (be-
fore the impulse); 8) r,., the distance between the spacecraft and
the celestial body during the closest approach, when the spacecraft
is in its second orbit (after the impulse); remember that the impulse
changes the orbit of the spacecraft, and so there are two periapses
involved in this maneuver: one that belongs to the first orbit (be-
fore the impulse) and one that belongs to the second orbit (after the
impulse); 9) Vi, , the magnitude of the velocity of the spacecraft
when leaving the celestial body; and 10) ¥, the angle of approach
(the angle between the periapse line and the line that connects the
two primaries).

With those variables, it is possible to develop an algorithm to
evaluate all of the parameters involved in this maneuver. The steps
are shown next. Remember that the initial conditions (given vari-
ables) are Vipr_, r,_, ¥ for the geometry of the close approach, and
8V and « to specify the impulse applied.

Step 1: Using the conservation of the energy it is possible to calcu-
late V,_ from Vi,r_ and r,_. The equation used is V,_ = /[V}_+
(2Zp2/1p-)], where i is the gravitational parameter of the secondary
body.

Step 2: Calculate V,, from V,_, §V, and «. The equation used
iSVpy = J[Vlf_ +8V2+2V, 8V cosal.

Step 3: Then it is necessary to calculate Viyey from V,, and rp_.
The equation is Vigr, = J[V[f+ = Cpa/rp)].

Step 4: The next quantity to be evaluated is the semimajor axis a
of the orbit after the swingby. It is obtained from Vi, by the use of
the equation a = (u,/ VZ,)).

Step 5: Then the quantity A is calculated. It comes from V,_,
V,., and §V. The equation is A = arccos[(§V* — V] — V172+)/
—2V,_ Vil

Step 6: Then the angular momentum /4, the semilactus rec-
tum p, and the eccentricity e of the orbit after the swingby are
calculated. They come from V,, r,_, and A. The equations are
ho=r, V,.sin(90 — 1), p = h*/ 11y, and e = /[1 + (p/a)].

Step 7: Calculate the true anomaly f, of the spacecraft in the
second hyperbolic orbit (the orbit after the impulse) around the
secondary body just after the impulse. It comes from e, p, and
rp—. The equation is fy = Earccos{(1/e)[(p/r,-) — 11}. The rule
to decide the sign of f; is the following: if 0 <« < 180 deg, the
radial velocity gained a positive component from the impulse, which
means that the spacecraft is escaping from the second body, and so it
has already passed by the periapse and its true anomaly is positive; if
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Fig.3 Vector addition for the velocities.

—180 < « < Odeg, the radial velocity gained a negative component
from the impulse, which means that the spacecraft is approaching
the second body, and so it is still going to the periapse and its true
anomaly is negative.

Step 8: Next calculate the true anomaly of the asymptotes of the
second hyperbolic orbit of the spacecraft (fim, the angle between
the asymptote and the direction of the periapse; see Fig. 2), around
the secondary body after the impulse. It comes from e. The equation
is fum = arccos(—1/e).

Step 9: Then the total defiection for this maneuver is given by
@ =48 — fo+ fum — 90 deg, where § is the deflection angle before
the impulse, f; is the deflection angle from the impulse until the
passage by the periapse of the second hyperbolic orbit, and ( f M —90
deg) is the deflection angle from this passage by the periapse until
the escape from the second body. Figure 2 shows those quantities.

Now it is necessary to continue the calculations to obtain the equa-
tions for the variation of energy, velocity, and angular momentum.
Figure 3 shows the geometry of the vector addition, which provides
the basic information to derive those equations.

From that figure it is possible to obtain the analytical equations
required. The horizontal and the vertical components of the velocity
before the close encounter (V;, and V;,) and after the close encounter
(Vox and V,,,) are

Vix = — Vi sin(y — 8) (5

Viy = V2 + Vine— cos(yf — 8) (6)
Vox = — Vingy sin(yy — 8+ ©) @
Voy = Va + Viny cos(¥ — 8 + ©) ®)

With those equations it is easy to calculate the variations in ve-
locity, energy, and angular momentum. To derive those equations
it is assumed that the impulse and the swingby maneuver are in-
stantaneous and that the position of the spacecraft remains constant
during the maneuver. The equations are

AViny = \/<w,x = Vie)® 4 (Voy = Viy)? ©)
Ay = 5(Vo + Vo, = Vi = V3) (10)
ACimp - d(voy - Vlv) (1 1)

where d is the distance between M; and M.

Results for the Two-Body Model

In this section the methods explained in the previous sections are
used to generate some results to understand better this maneuver.
The Earth-moon system is used as an example. A spacecraft makes
a powered swingby with the moon for several values of the impulse
(they can have different magnitudes and directions, but they are al-
ways in the plane of the motion of the three bodies). Figure 4 shows
the variations in velocity, energy, and angular momentum for the
powered swingby. The horizontal axis represents the angle o (in de-
grees) that defines the direction of the impulse, and the vertical axis
represents the magnitude of the impulse (in kilometers per second).
The parameters used for this maneuver are w; = 398,600 km?/s?,
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Fig.4 Variation in velocity, energy, and angular momentum for pow-
ered swingby (3 = 270 deg).

o =4900 km*/s?, Vipe_ = 1.0 kn/s, ¥ =270 deg, r,_ = 1900 km,
V,=1.02 km/s, and d = 384,400 km. This maneuver generates
an increase in the energy (180 < ¢ <360 deg). For the intervals
« > 90 and < —90 deg the impulse has a component opposite to
the direction of motion of the spacecraft, decreasing the energy, and
it is working against the swingby. The blank parts of the graphics
(o > =150 and <~ —150 deg) correspond to regions where the im-
pulse caused the capture of the spacecraft by the moon. From Fig. 4
one can verify that the maximum transfer of velocity and energy
occurs close to « = —20 deg and that the minimum occurs close to
the borders of the graphic. We can see this by following a line of
constant A E (or AC). The minimum impulse to accomplish a given
AE (or AC) occurs close to o« = —20 deg. Note also that there is a
symmetry with respect to the line & = —20 deg. This result is a little
bit surprising in a first look into the problem. The expected result is
to have the maximum at o = 0 deg, to get the maximum transfer of
energy from the impulse. The observed maximum oscillates around



the value @ = —20 deg. The value for this observed maximum is up
to 5% larger than the value for the expected maximum (case ¢ = 0
deg). The reason for that is the increase of the deflection angle after
the impulse for @ < 0 deg. An impulse with a negative o gives a
negative component to the radial velocity, which implies a negative
value for fy (see step 7 discussed earlier). Then the total turning
angle ® will increase and it will also increase the total AE (for
a = 0 deg, f, would be zero). The extra gain in energy and velocity
obtained from this increase in the turning angle compensates for the
loss of energy transfer as a result of the nonalignment of the impulse
with the velocity vector. The exact location of the optimum point
depends on the particular case studied.

The graphic for the variation in angular momentum shows a dif-
ferent pattern, with symmetries with respect to the lines o = —90
and = 90 deg. Remember that the maximum transfer of energy
is not always the goal of the mission. A very close approach may
be required to get data from the celestial body, but the consequent
large increase in velocity and energy may not be desired for the con-
tinuation of the mission. In that way, a chart like that can provide
important information for the mission designers, who can choose the
parameters of the impulse that better satisfy the goals of the mission.

Next, Fig. 5 shows a similar maneuver, but with ¥ =90 deg,
that is the case where the energy decreases in the standard swingby
(0 < ¢ < 180 deg). For the interval & > 90 and < —90 deg
the impulse has a component opposite to the direction of motion
of the spacecraft, decreasing the energy, and it is working in favor
of the swingby. For this maneuver there are positive and negative
values for the change in energy. In the positive regions of the plot of
the variation in energy, the impulse is dominating the swingby, and
the net result is an increase in energy. In the negative regions of the
same plot, the swingby and the impulse are working together to
decrease the energy of the spacecraft. Note that positive values occur
only above a certain limit in the magnitude of the impulse and
that this limit decreases when « approaches zero. The variations
in velocity and angular momentum present a behavior similar to the
case of 1 =270 deg. The same characteristic of maximum transfer
of energy close to &« = —20 deg occurs here, besause of the same
reason explained before.

After those first calculations, the efficiency of the powered ma-
neuver is studied. The powered maneuver with maximum transfer of
energy during the impulse (¢ = 0 deg for a maneuver that increases
the energy and « = 180 deg for a maneuver that decreases the en-
ergy) is compared with a maneuver where the impulse is applied
after the swingby. In this case the impulse is saved to be used when
the spacecraft is out of the sphere of influence of the secondary
body. The maneuver for « = 0 deg is chosen for comparison to
simplify the problem, since the real maximum changes from point
to point. The differences are always less than 5%, which means that
this simplification is acceptable. This new maneuver has two main
steps: 1) a standard nonpropelled swingby with the same parame-
ters of the powered maneuver (the same Vi, 7,,, and v); and 2)
then, in a second step, an impulse (with the same magnitude §V
of the impulse used in the powered swingby) that is applied after
the spacecraft leaves the secondary body. This impulse is assumed
to be applied in a direction that extremizes the transfer of energy.
It means that for the maneuvers where the goal is to increase the
energy (180 < ¢ < 360 deg) this impulse is posigrade (applied in
the direction of the motion of the spacecraft) and for the maneu-
vers where the goal is to decrease the energy (0 < ¢ < 180 deg)
this impulse is retrograde (applied in the direction opposite to the
motion of the spacecraft). Figure 6 shows the results for ¢ =90
and 270 deg and for Vi, =1.0 and 2.0 km/s. The quantity plot-
ted is |A Eimpl — |A Eimpatier| (in square kilometers per square sec-
ond), where A Ein,, is the energy variation obtained by the powered
swingby, and A Ejmpaer 15 the energy variation of the maneuver that
applies the impulse after the close approach. The system of axis
has r, (distance of closest approach, in kilometers) in the horizon-
tal axis and ¢ (the angle of approach, in degrees) in the vertical
axis.

It means that a positive value for this quantity indicates that the
application of the impulse during the close approach is more efficient
(in terms of causing a variation in energy of larger magnitude) than
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Fig. 5 Variation in velocity, energy, and angnlar momentum for pow-
ered swingby (v = 90 deg).

the application of an impulse with the same magnitude after the
close approach. The precise definition of efficiency is the quantity
of extra energy that is obtained when the impulse is applied during
the periapse passage, when compared with the maneuver that applied
the impulse after the swingby, for an impulse with fixed magnitude.

To obtain the numerical value for the A Ejppape, it is necessary to
follow the steps shown next.

Step 1: Evaluate the energy before the close approach E; from the
equation E; = 1 (V2 + V2) — (11/d), where p, is the gravitational
parameter of the primary body and d is the distance M—M;.

Step 2: Next, the energy after the standard swingby maneuver
is obtained directly from the expression E, = E; —2V, Vi, sin§
sin .

Step 3: Then the magnitude of the velocity after the standard
swingby maneuver is calculated from the energy, using the expres-
sion V, = /2[E, + (u1/d)].
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Fig. 6 Efficiency of the powered swingby.

Step 4: Finally, the A Einpager i obtained from A Ejppager = 1/2
(V, +8V)? — (uu1/d) — E;, if 180 < v < 360 deg; or AEimpater =
1/2 (V, = 8V)? = (i /d) — E;, if 0 < ¥ < 180 deg.

It is clear that the efficiency is highly dependent on the angle of
approach and that it has little dependence on the distance of closest
approach. We also see that the efficiency has the same behavior for
the cases Vipr. = 1.0 and 2.0 kny/s. There is only a shiftin the values.
It is also clear that there is a relatively small area of negative values,
which means that an impulsive swingby maneuver is a better choice
for most of the cases, but there are exceptions. Note that the plots
match very well at ¢ = 180 deg, although the goal of the maneuver
(gain or lose of energy) changes at this point.

Results Using the Restricted Three-Body Problem

The goal of this section is to reproduce the maneuvers calculated
in the previous sections using the well-known planar circular re-
stricted three-body problem as the dynamical model. This model
is a much better approximation of the reality, because it takes into
account the gravitational forces of the two primaries during all of
the phases of the mission. There is no need to neglect some of those
forces during some steps. The forces not modeled by this model are
really very small (like the gravitational forces from distant bodies,
radiation pressure, etc.), and so very small differences are expected
between this model and the exact solution.

This model assumes that two main bodies (M| and M,) are or-
biting their common center of mass in circular Keplerian orbits and
a third body (M3), with negligible mass, is orbiting these two pri-
maries. The motion of Mj; is supposed to stay in the plane of the
motion of M| and M,, and it is affected by both primaries, but it
does not affect their motion,?? The canonical system of units is used,
and it implies that 1) the unit of distance is the distance between M,
and M>; 2) the angular velocity @ of the motion of M, and M, is
assumed to be 1; 3) the mass of the smaller primary M, is given by
W = my/(my+msy) (Where m, and m, are the real masses of M, and

M,, respectively), and the mass of M, is (1 — ), so that the total
mass of the system is 1; 4) the unit of time is defined such that the
period of the motion of the primaries is 27r; and 5) the gravitational
constant is 1.

Then the equations of motion in the rotating frame are

. . av A
X=2y=x - — = — (12)

ax ax

. . v aQ
y+2i=y— — = — (13)

ay ay

where 2 is the pseudopotential given by

Q=3+ ) + 11— w)/ri)+ (/) (14)

This system of equations has no analytical solutions, and numer-
ical integration is required to solve the problem.

The equations of motion given by Egs. (12-14) are right, but
they are not suitable for numerical integration in trajectories passing
near one of the primaries. The reason is that the positions of both
primaries are singularities in the potential V (since r; or ry goes to
zero, or near zero) and the accuracy of the numerical integration is
affected every time this situation occurs.

The solution for this problem is the use of regularization, which
consists of a substitution of the variables for position (x—y) and time
() by another set of variables (w;, w,, and 1), such that the singular-
ities are eliminated in these new variables. Several transformations
with this goal are available in the literature, such as Thiele-Burrau,
Lemaitre, and Birkhoff (see Ref. 22, Chap. 3). They are called global
regularization, to emphasize that both singularities are eliminated
at the same time. The case where only one singularity is eliminated
at a time is called local regularization. For the present research
Lemaitre’s regularization is used. More details are available in
Ref. 22.
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Figure 7 shows the difference between the results obtained using
the two-body celestial mechanics and the new results obtained using
the restricted three-body problem for the maneuver with v = 90
deg. Results are similar for other cases studied and are not shown
here to save space. The quantities shown are defined as (value for
the two-body model) — (value for the three-body model). To make
the plots more clear, the results for the energy are muitiplied by 10,
and the results for the angular momentum are divided by 10*. The
magnitudes of the differences go from very close to zero until 0.15
(in energy) and 4 x 10* (in angular momentum). Those numbers rep-
resent maximum errors on the order of a few percentages (less than
10) in both cases. The errors are smaller in the interval —90 < o < 90
deg, and they grow up close to the border of the graphics. It means
that the two-body approximation of this maneuver gives better re-
sults when —90 < a < 90 deg. It is also possible to conclude that
this approximation increases in quality when the magnitude of the
impulse increases.

Conclusions

A method to calculate the variations in velocity, energy, and angu-
lar momentum for the powered swingby is developed based on the
patched-conic approximation. Numerical examples are calculated
for the Earth-moon system to test and validate the algorithm. An
interesting result that was found is that the best direction to apply an
impulse is not the direction of motion of the spacecraft but a direction
that makes an angle between close to —20 deg with the motion of the
spacecraft (a negative angle means that the impulse has a radial com-
ponent pointing to the secondary body), as a result of the increase
of the turning angle in this maneuver. Then the powered swingby
maneuver is compared with a different maneuver that is performed
in two steps: 1) a nonpropelled swingby and 2) an impulsive thrust

applied after the swingby. In that way, it is possible to investigate
the best position to apply the impulse. The results show that for the
majority of the cases studied the powered swingby is a better choice,
but there are some cases where the unpowered swingby followed by
the impulse increases the variation in energy obtained for an impulse
with a fixed magnitude. Next, the maneuvers are reproduced under
the dynamical model given by the restricted three-body problem.
The differences between the results are shown. It is possible to con-
clude that the two-body problem gives a better approximation in the
interval —90 < « < 90 deg and that this approximation increases
in quality when the magnitude of the impulse increases.
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